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Abstract. Let S be a semitopological semigroup and CB(S) denotes 
the C*-algebra of all bounded complex valued continuous functions on 
S with uniform norm. A function / E CB(S) is left multiplicative 
continuous if and only if T M / E CB(S) for all \x in the spectrum of CB(S), 
where T fl f(s) — fj,(L 3 f) and L s f(x) = f(sx) for each s, x E S. The col- 
lection of all left multiplicative continuous functions on S is denoted by 
Lmc(S). In this paper, the Lmc— compactification of a semitopological 
semigroup S is reconstructed as a space of e— ultrafilters. This construc- 
tion is applied to obtain some algebraic properties of 
(e,S Lmc ), that S Lmc is the spectrum of Lmc(S), for semitopological 
semigroups S. It is shown that if S is a locally compact semitopological 
semigroup, then S* = S Lmc \ e(S) is a left ideal of S Lmc if and only if 
for each x,y E S, there exists a compact zero set A such that x E A and 
{t E S : yt E A} is a compact set. 



1. Introduction 

Let X be a completely regular space, C(X, M) denotes all the real 
valued continuous function on X and CB(X,M) denotes all the bounded real 
valued continuous function on X. The correspondences between z— filters 
on X and ideals in C(X, R) that have been established in [3] are powerful 
tools in the study of C(X,M). These correspondences, which also occur in 
a rudimentary form in CB(X, R), are inconsequential, as many theorems 
of [3] become false if C(X,M) is replaced by CB(X,M). However, there is 
another correspondence between a certain class of z— filters on X and ideals 
in CB(X, R) that leads to quite analogous theorems to those for C(X, R). 
The requisite information is outlined in [3l 2L]. 
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In Section 2, some familiarity with semigroup compactification and 
Lmc— compactification will be presented. Also, this Section consists of 
an introduction to z— filters and an elementary external construction of 
Lmc— compactification as a space of z— filters. Moreover, in this section 
e— filters and e— ideals will be defined (this has been adopted from [3j 2L]. 

In Section 3, Lmc— compactification will be reconstructed as a space of e— 
ultrafilters with a suitable topology, also on e— ultrafilters a binary operation 
will be defined. 

Section 4 will be about some theorems from [5] about the properties of 
j3S which are extended to some properties on S °, for semitopological 
semigroup S. 



2. Preliminary 

Let S be a semitopological semigroup (i.e. for each s G S, X s : S — > S 
and r s : S — > S are continuous, where for each x G S, X s (x) = sx and 
r s (x) = xs) with a Hausdorff topology, CB(S) denotes the C*-algebra of all 
bounded complex valued continuous functions on S with uniform norm, and 
C(S) denotes the algebra of all complex valued continuous functions on S. 
A semigroup compactification of S is a pair (ip,X), where X is a compact, 
Hausdorff, right topological semigroup (i.e. for all x G X, r x is continuous) 
and tp : S — > X is continuous homomorphism with dense image such that, 
for all s G S, the mapping x i-> ip{s)x : X — > X is continuous, (see Definition 
3.1.1 in PQ). Let J 7 be a C*-subalgebra of CB{S) containing the constant 
functions, then the set of all multiplicative means of J- (the spectrum of J 7 ), 
denoted by S , equipped with the Gelfand topology, is a compact Hausdorff 
topological space. Let R s f = f o r s G T and L s f = f o A s G T for all 
s G S and / G J 7 , and the function s i— >■ (T M /(s)) = fJ,(L s f) is in T for 
all / G T and fi G then under the multiplication \iv = fi o T v 
(/U, v G S^), furnished with the Gelfand topology, makes (e, S^) a semigroup 
compactification (called the J r -compactification) of S, where e : 5 — > is 
the evaluation mapping. Also, e* : C{S' F ) — > T is isometric isomorphism and 
/ = {e*Y\f) G C{S T ) for / G T is given by J{p) = for all fi G S^, 
(For more detail see section 2 in [1]). 

Let T = CB(S), then /35 = S CB ^ is the Stone-Cech compactification of 
S, where S is a completely regular space. 



3 



A function / £ CB(S) is left multiplicative continuous if and only if 
T M / £ CB(5) for all // £ 0S = S CB ^ . Therefore 

Lmc(S) = f]{T~ l (CB{S)) : /x £ 

is denned and (e, S Lmc ) is the universal semigroup compactification of 
S* (Definition 4.5.1 and Theorem 4.5.2 in pQ). In general, 5 can not be 
embedded in S Lmc . In fact, as it was shown in [3] there is a completely 
regular Hausdorff semitopological semigroup S such that the continuous 
homomorphism e from S to its Lmc— compactification, is neither one-to-one 
nor open as a mapping to s(S). 

The CMC— compactification is the spectrum of the C* — algebra consisting 
of all left uniformly continuous functions on semitopological semigroup S\ 
a function / : S — > C is left uniformly continuous if s h- ¥ L s f is continuous 
map from S to the space of bounded continuous functions on S with the 
uniform norm. Let G be a locally compact Hausdorff topological group, by 
Theorem 5.7 of chapter 4 in [1] implies that Lmc(G) = CUC{G). Also the 
evaluation map G — > G cuc is open, ( see [I]). 

Now, some prerequisite material from [7] are quoted for the description of 
(e,S Lmc ) in terms of z-filters. For / £ Lmc(S), Z(f) = is called 

zero set, and the collection of all zero sets is denoted by Z(Lmc(S)). For an 
extensive account of ultrafilters, the readers may refer to [2], [3] and [5]. 

Definition 2.1. A C Z(Lmc(S)) is called a ^-filter on Lmc(S) (or for 
simplicity z— filter) if, 

(i) £■ A and S £ A, 

(ii) if A, B £ A, then Af)B £ A, 

(iii) if Ae A, B e Z(Lmc(S)) and A C B then 5 £ A 

Because of (in), (ii) may be replaced by, (ii)' If A, B £ ^4, then AflB 
contains a member of A. 

A z— ultrafilter is a z— filter which is not properly contained in any other 
z— filter. The collection of all z— ultrafilters is denoted by Z(S). For x £ S, 
x = {Z(f) : f £ Lmc(S), f(x) = 0} is a z— ultrafilter. The z— filter T is 
said to converge to the limit \i € S Lmc if every neighborhood of \x contains 
a member of T . The collection of all z— ultrafilters on Lmc(S) converge to 
fi £ S Lmc is denoted by [fj]. Let Q = {p : p = n[/i]} and define A = {p : 
A £ p} for A C S. Let Q be equipped with the topology whose basis is 
{(A) c : A £ Z(Lmc(S))}, and define f)M * DM = HIH- Then (2. *) is a 
(Hausdorff) compact right topological semigroup and <p : S Lmc -> Q defined 
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by ip([i) = fl[/i] = p, where Hasp^ = i^}' * s topologically isomorphism. So 
A is equal to cl S L mc A and we denote it by A, also for simplicity we use x 
replace x. The operation " • " on S, extends uniquely to " * " on Q. For 
more discussion and details see [7j. 

Remark 2.2. If p, q G Z(S), then the following statements hold. 

(i) If E C Z(Lmc(S)) has the finite intersection property, then E is contained 
in a z— ultrafilter. 

(ii) If B G Z(Lmc(S)) and for all A G p, A n 5 ^ then Sep. 

(iii) If A, B G Z(Lmc(S)) such that iUBep then A £ p or B € p. 

(iv) Let p and q be distinct z— ultrafilters, then there exist A G p and B G g 
such that ,4 n -B = 0. 

(v) Let p be a z— ultrafilter, then there exists G g^" 10 such that 

Pip) = {/,}. 

(For (i), (ii), (iii) and (iv) see Lemma 2.2 and Lemma 2.3 in [7]. For (v) see 
Lemma 2.6 in [7]). 

In this paper, ]R denotes the topological group formed by the real numbers 
under addition. Also define Ker(fj.) = {/ € Lmc(S) : fj,(f) = 0} for fi £ 
Lmc(S)* . By Theorem 11.5 in [6], M is a maximal ideal of Lmc(S) if and 
only if there is fi G S imc such that Ker(fi) = M. 

Lemma 2.3. Let S be a Hausdorff semitopological semigroup. 

(1) If f € Lmc(S) is real valued, then f + = max{f,0}&Lmc(S) and 
f~ = —min{f,0} £ Lmc(S). 

(2) Let f € Lmc(S), then Re(f) € Lmc(S), Im(f) G Lmc(S) and 
\f\ELmc(S). 

(3) If f and g are real valued functions in Lmc(S), then 

{fVg)(x) = max{f(x),g(x)} G Lmc(S), 

and 

(/ A 9)( x ) = min{f(x), g(x)} G Lmc(S). 

(4) Let f G Lmc(S) and there exists c > such that c < \f(x)\ for each 
x G 5. Then j G Lmc(S). 

(5) Let M be a maximal ideal and f G M, then f G M. 
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Proof. For (1), (2) and (3), since / \-> f : Lmc(S) -»• C(5 Lmc ) is an 
isometrical isomorphism and |/| G C(S L mc) for each / G Lmc(S), so we 
have 

|/)(e(s)) = |/( e (x))| 
= |e(x)(/)| 
= |/(x)| 
= |/|(x) 

for each x G 5. Thus, |/| = |/| for each / G Lmc{S) and so |/| G Lmc(S) 
for each / G Lmc(S). 

Now let / and g be real valued functions, so 

/V,(x) = ^^ + (^±|M GLmc(5) . 

In a similar way / A g, f + and /~ are in Lmc(S). Pick / G Lmc(S), since 
Lmc(S) is conjugate closed subalgebra so Re(f) = G Lmc(S) and 

Jm(/) = ^? € L?nc(S). 

For (4), let / € Lmc(S) and there exists a c > such that c < for 
each i £ S. So > c for each [i G S Lmc , this implies that y = j G 

C(S Lmc ). Therefore, ± G Lmc(S). 

For (5), let M be a maximal ideal in Lmc(S), so there exists a 
/x G 5 imc such that M = ifer(//) = {/ G Lmc(5) : //(/) = 0}. Now 
let / G M, so = n(Re(f)) + i/x(Jm(/)) = 0. This implies that 

fi(Re(f)) = fi(Im{f)) = and so /*(/) = 0. Thus, / G M. □ 

For / G Lmc(S) and e > 0, we define £ e (/) = {x G 5 : |/(x)| < e}. 
Every such set is a zero set. Conversely, every zero set is of this form, 
Z(g) = E e (e+\g\). For / C Lmc{S), we write E{I) = {E e (f) : / G J, e > 0}, 
i.e. E{I) = [J e>0 E e (I). Finally, for any family A of zero sets, we define 

E~(A) = {/ G Lmc(S) : E e (f) G A for all e > 0}, 

that is, E~(A) = f] e>0 E^(A), where 

EtiA) = if e ^c(S) : £ e (/) G .A}. 

Lemma 2.4. For any family A of zero sets, 

E{E~(A)) = \J{E e (f) : / G L ? nc(5), G A for all S > 0} C A. 

The inclusion may be proper, when A is a z— filter. 
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Proof. Let A be a family of zero sets, so 

E~{A) = {/ G Lmc(S) : £ e (/) G .4 for all e > 0}, 

and thus, 

E{E-{A)) = {E € (f):feE-(A),e>0} 
= \J{E e (f):feE-(A)} 

= \J{E e (f) :E 5 (f) eAfor all 5 > 0} 
c A. 

Finally, let M = {/ G Lmc((R, +)) : /(0) = 0}, then M is a maximal ideal 
in Lmc((M, +)) and „4 = {£"(/) : / G M } is a z-filter. Let g(x) = \x\ A 1, 
then g G Mo and so {0} = ^(g) G A. Since 

EOETGA)) = \J{E e (f) :E s {f) G .A for alU > 0} 

£>0 

pick / G Lmc((R,+)) such that E € (f) G £7(£7~(.4)) each e > 0. Since / is 
continuous so for each e > there exists 5 > such that /((— 6, 5)) C (— e, e), 
therefore (—5,5) C E e (f). This implies that £7(-E7 _ („4)) is a collection of 
uncountable zero sets. But {0} G A is finite and so {0} G' £7(.E _ („4)). 
Therefore E(E~(A)) ^ A. □ 

Definition 2.5. Let A be a z— filter. Then A is called an e— filter if 
E(E~(A)) = A. 

Hence, A is an e— filter if and only if, whenever Z £ A, there exist 
/ G Lmc(S) and e > such that Z = E e (f) and Es(f) G A for every 
5 > 0. 

Lemma 2.6. Let I be a subset of Lmc(S). Then, 

I C E-(E(I)) = {/ G Lmc(S) : £7 e (/) G £7(1) /or a// e > 0}. 

XTie inclusion may be proper, even when I is an ideal. 

Proof. By Definition 

/ C E-(E(I)) = {/ G Lmc(S) : E e (f) G £7(7) for all e > 0}. 

Finally, let / be the ideal of all functions in Lmc((IR, +)) that vanish on 
a neighborhood of 0. Pick g(x) = \x\ A 1 in Lmc((lR,+)) that vanishes 
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precisely at 0. Since for each e > 0, E e (g) = Es. {g V § — |) and 5 V § — § E/, 
then E e (g) G for each e > 0, and so 5 € E~{E(I)) but g £ I. This 

completes the proof. □ 

Definition 2.7. Let / be an ideal of Lmc(S). I is called an e— ideal if 
E-{E{I))=I. 

Hence, I is an e— ideal if and only if, whenever E e (f) G E{I) for all e > 0, 
then f £ I. 

Lemma 2.8. The following statements hold. 

(1) The intersection of e— ideals is an e— ideal. 

(2) If I is an ideal in Lmc(S), then E{I) is an e— filter. 

(3) If A is any z— filter, then E~(A) is an e— ideal in Lmc(S). 

(4) I C J C Lmc(S) implies E{I) C E(J), and A C B C Z{Lmc{S)) 
implies E~(A) C 

(5) If J is an e— ideal, then I C. J if and only if E(I) C E( J). If A is an 
e- filter then A ^ B if and only if E~(A) C 

(^J If .4 is any e— filter, then E~(A) is an e— ideal. Let I be an ideal in 
Lmc(S), then E~{E{I)) is the smallest e— ideal containing I . In particular, 
every maximal ideal in Lmc(S) is an e— ideal. 

(7) For any z— filter A, E(E~ (A)) is the largest e— filter contained in A. 

Proof. (1) Suppose that {I a } is a collection of e-ideals and I = f] a I a . Let 
E e (f) G E(I) for each e > 0, then E e (f) G E{I a ) for each e > so, / G I a 
for each a. This implies f € I. 

(2) Let £*(/) = for some e > and / G J, then e < |/(x)| < M for 
some M > and for each x G S. So y G Lmc(S) and, 1 = fj G I. This is 
a contradiction and so ^ E(I). 

Let /' G Lmc(S), f G / be a nonnegative function and E e (f) C Z(f'), 
then 0(3;) = + G L?nc(S). Now 



so for x G Z(f') implies that |/(x)<7(x)| = wfif^li < e - Hence we have 



eV|/(a?)| 

^V|/(x)| 



|/(x)| 5 (x) = |/'(x)/(x)| + 

implies that \f(x] 
Z(f)CE e (fg). ltxeE e (fg), then 

\f'(x)f(x)\ < \f'(x)f{x)\ + = 1/(^)1 ^ e 

e V |/(x)| 

and if x ^ Z(f') then e < |/(x)| and |g(x)/(x)| > e. Therefore this implies 
C Z(f'), and so £ £ (/ 5 ) = Z(f). 
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Suppose that E e (f), Eg(g) G E(I) for some f,g G / and e,5 > 0. Let 
7 = e A S A | then, 

^(/7 + ^)CE 7 (/)pE 7 (^)CS e (/)P^), 

4 

thus£ e (/)n£ 5 ((?) 6£(/). 

Now let Z G E(I), so there exists a / G J such that Z = E t {f) for some 
e > 0. By Definition of #(/), G £(/) for each 5 > 0, so £(J) is an 

e— filter. 

(3) Let f,ge E'(A). Since £ e/2 (|/|) n £ e/2 (| 5 |) C £ e (|/ - therefore 
#e(/ - a) e .4 for each e > 0. Thus, f -g € E~(A). Let / G £T(.4), 
5 G Lmc(5) and M = \\g\\ + 1. Hence, E^_(f) C £7 e (/</) and G £T(.A). 
Now let -E e (/) G E~(A) for each e > 0. Definition of E~(A) implies that 
/ G E~(A). Thus, E~(A) is an e-ideal. 

(4) It can easily be checked. 

(5) It is obvious that if / C J then E{I) C E(J) by (4). 

Conversely. If / G / then E e (f) G E(I) for each e > 0, and so E e (f) G 
E(J). Since J is an e-filter, so / G J. If A. C B, then £T(y4) C £T(B). 
Since A is an e-filter, then A = E(E~(A)) C E(E~{B)) C B. 

(6) Let / = £T(y4) = {/ G Lmc(S) : Ve > 0, £ e (/) G ^4}, thus, „4 is an 
e-filter, and „4 = £(£-(.4)) = This implies / = E~(A) = E~(E(I)) 
and so I is an e— ideal. Let I C Lmc{S) be an ideal, then J = E~{E(I)) 
is an e— ideal (by (3) and (4)), so / C J. Let / C K C J and X be an 
e- ideal, then C E{K) C £(J) = £/(/) and = £7(1). Thus 
J = E~{E(I)) = E~{E{K)) = K, and this implies that J is the smallest 
e— ideal containing I. 

Finally, every maximal ideal in Lmc(S) is an e— ideal. For this, let M is a 
maximal ideal in Lmc(S). Then, E~(E{M)) is an e-ideal, M C E~(E(M)) 
and M is maximal so, M = E~{E(M)). 

(7) Let A be a z— filter, then 17 _ (.4) is an ideal in Lmc(S), so E(E~ (A)) 
is an e— filter and B = E(E~(A)) C .4. Now let U be an e— filter such that 
BCl/Ci, then E~(U) = E~(A). Hence, £ is an e- filter subset of A. □ 

A maximal e— filter is called an e— ultrafilter. Zorn's Lemma implies that 
every e— filter is contained in an e— ultrafilter. Because, if y is a chain of 
e— filters, then also is a chain of z— filters and so uy is a z— filter. It is 
sufficient to show U3^ is an e— filter. Let Z G U^, then there exists a Y G y 
such that Z G Y. Since Y is an e— ideal, so there exist / G Lmc(S) and 
e > such that Z = E £ (f) and {E s (f) : S > 0} C Y. Thus there exist 
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/ G Lmc(S) and e > such that Z = E e (f) and {E s (f) : 5 > 0} C uy. 
Therefore L>y is an e— filter. 

Theorem 2.9. If M is a maximal ideal in Lmc(S) then E(M) is an e— 
ultrafilter, and if A is an e—ultrafilter then E~{A) is a maximal ideal in 
Lmc(S). 

Proof. Let M be a maximal ideal, so, E(M) is an e— filter (Lemma 
2.8(2)). Suppose that there exists an e— filter IA such that E(M) C U, then 
M = E-{E{M)) C E~(U) and so, E(M) = E{E-{U)) = U, by Lemma 
2.8(7). Thus, E(M) is an e-ultrafilter. 

Now let £ be an e—ultrafilter, then E~(£) is an ideal in Lmc(S) (Lemma 
2.8(3)). Let J be a maximal ideal such that E~{£) C J, J is an e— ideal 
and so, E{E~{£)) C £(J). Since 5 is an e-ultrafilter so, £ = E{E~(£)) 
and E~(£) = E~(E(J)) = J. This implies that E~{£) is maximal. □ 

The correspondence M i— > E(M) is one to one from the set of all maximal 
ideals in Lmc(S) onto the set of all e— ultrafilters. 

Theorem 2.10. The following property characterizes an ideal M in Lmc(S) 
as a maximal ideal: given f € Lmc(S), if E e (f) meets every member of 
E{M) for each e > 0, then f G M. 

Proof. Let M be a maximal ideal and / 6 Lmc(S). Let E e (f) meets every 
member of E(M) for each e > 0. So E(M) U {E e (f) : e > 0} has the finite 
intersection property, and so there exists a z— ultrafilter A containing it. By 
Lemma 2.8 and Theorem 2.9, 

M = E~(A) = {g e Lmc(S) : E € (g) € A for each e > 0}. 

This implies that / € M. 

Now let M be an ideal in Lmc(S) with the following property: given 
/ G Lmc(S), if E e (f) meets every member of E{M) for each e > 0, then 
/ G M. We show that M is a maximal ideal. Let / G Lmc{S) \ M and 
so some E e (f) fails to meet some member of E{M). Therefore there exist 
g G M and 5 > such that E e (f)C\E s (g) = 0. Pick 7 = min{5 2 ,e 2 , 1}, then 
E^(ff + gg) C E € (f) n E$(g), so // + (75 is invertible and generated ideal 
by M U {/} is equal with Lmc(S). This implies M is a maximal ideal. □ 

Let A and B be z— ultrafilters. It is said that A ~ £> if and only if 
-E^E 1 "^)) = E(E~(B)). It is obvious that ~ is an equivalence relation. 
The equivalence class of A G 2(5) is denoted by [A]. 
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Lemma 2.11. Let A be a z—ultrafilter, then 

(a) Let Z(f) G A for some Lmc(S), then f G E~(A). 

(b) E~(A) is a maximal ideal. 

(c) E(E~ (A)) is an e—ultrafilter. 

(d) Let Z be a zero set that meets every member of E(E~ (A)) then, there 
exists a B G [A] such that Z G B. 

Proof, (a) By Remark 2.2(v), pick ji G S Lmc such that f\ AeA e(A) = {/*}. 
Now let Z{f) G A, then \x G e(Z(f)) and so there exists a net {e(x a )} C e(A) 
such that lim a £{x a ) = fi. Since 

H{f) = lim a e(x a )(f) = lim a f(x a ) = 0, 

so / G Ker(n). It is obvious Z(f) C E e (f) for each e > and so E t (f) G .4 
for each e > 0. This implies / G E~(A). 

(b) By (a), there exists a ^ G S Lmc such that Ker(p) C £T(.A). Since 
Ker(n) is a maximal ideal in Lmc(S) and also by Lemma 2.8(3), so 
ifer(/i) = E~{A). 

(c) Since ^"(^l) is a maximal ideal so ^(^"(^l)) is an e—ultrafilter by 
Theorem 2.9. 

(d) Let Z be a zero set that meets every member of E{E~ (A)). Then 
{Z} U E(E~ (A)) has the finite intersection property. Hence there exists 
some z—ultrafilter B containing {Z} U -E^E 1- ^)). Since -E^E 1 "^)) is an 
e—ultrafilter contained in B, so by (b), E~{B) is a maximal ideal and by 
Lemma 2.8(4), E~(A) C E~(B). Thus by Theorem 2.9, = £T(.A) 
and so E{E~(B)) = E{E~(A)). Therefore there exists a B G [A] such that 
Z G B. □ 

Remark 2.12. Since (R, +) is a locally compact topological group, by The- 
orem 5.7 of chapter 4 in [T], 

Lmc(R) = {/ G CB(R) : t ^ / o \ t : R -> CB(R) is norm continuous.}. 

Let C (R) = {/ G CB(R) : lim x ^ ±00 f{x) = 0}, then C (R) is an ideal 
of Lmc(R). Let M be a maximal ideal in Imc(R) which contains C (M). 

2 2 

It is obvious that f(x) = e~ x sin(x) and g(x) = e~ x cos(irx) belong to 
C (R). Then Z(/) = {kir : k G Z}, = : fc G Z}, and 

E(M) U {Z(/)} and E(M) U {Z(g)} have the finite intersection property. 
So there exist z-ultrafilters >1 and B such that E(M) U {Z(/)} C „4 and also 
E(M) U {Z(g)} C B. Since E(M) is an e—ultrafilter so there exist at least 
two distinct z— ultrafilters containing E~(A). Thus 
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(i) If A is a z— ultrafilter, then it is not necessity the unique z— ultrafilter 
containing E(E~(A)). 

(ii) There exist a z— ultrafilter A, and a zero-set Z meets every member of 
E(E~(A)) such that Z$A. 

3. Space of e-ultrafilters 

In this section we define a topology on the set of all e— ultrafilter s of a 
semitopological semigroup S, and establish some of the properties of the 
resulting space. Also, we show that we can extend the operation of the 
semitopological semigroup to the set of all e— ultrafilter s. 

Definition 3.1. Let S be a Hausdorff semitopological semigroup. 

(a) The collection of all e— ultrafilters is denoted by £(S) i.e. 

£(S) = {p : p is an e — ultrafilter.}. 

(b) A* = {p € 5(5) : A e p} for each A 6 Z{Lmc(S)) is defined. 

(c) e(a) = {E e (f) : /(a) = 0, e > 0} for each a 6 5 is defined. 

(d) It is said that .A C Z(Lmc(S)) has the e— finite intersection property if 
and only if E(E~ (A)) has the finite intersection property. 

Pick e(a) € S Lmc for some a £ S, then 

Ker(e(a)) = {/ £ Lmc{S) : e(a)(f) = 0} 
= {f eLmc(S): f(a) = 0} 
is a maximal ideal and by Theorem 2.9, 

E-{Ker{e{a))) = {E e (f) : /(a) = 0, Ve > 0} = e(a) 
is an e— ultrafilter. 

Lemma 3.2. Let A,BG Z(Lmc(S)) and f,g £ Lmc(S). Then 

(1) (Ans)t = Atnflt. 

(2) (iUB) f D At uBt. 

(3) Pic& x G S and e > 0. T/ien A~ 1 (i? e (/)) = E e (Lxf). 

(4) £ eM (|/| V \g\) C £ e (/) n and £ £ (|/| V | 5 |) = £ e (/) D £ e (» 5 /or 
eac/i 5, e > 0. 

Proof. The proofs are routine. □ 

Since (A D B)t = At n flt j for each Z(Lmc(S)), so the sets At 

are closed under finite intersection. Consequently, {At : A 6 Z(Lmc(5))} 
forms a base for an open topology on £(S). 
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Theorem 3.3. (1) Pick f 6 Lmc{S) and e > 0, then int s (A) = e~ l (A^), 
and so e : S — > £(S) is continuous. 

(2) Pick p E £(S) and A E Z(Lmc(S)), then the following statements are 
equivalent: 

(1) pecl £{S )(e(A)), 

(ii) for each B <Ep, ints(B) 
(Hi) for each B <Ep, Bfli/fl, 

(iv) there exists a z—ultrafilter A p containing p such that A G A p . 

(3) Pick A,B e Z(Lmc(S)) such that p € cl £(S )(e(A)) n cl £ ^ S )(e(B)) and 
p U {A, B} has the finite intersection property, then p € cl £ ^(e(A n B)). 

(4) {cl £ ^(e(A)) : A € Z(Lmc(S))} is a base for closed subsets of £{S). 

(5) £(S) is a compact Hausdorff space. 

(6) e(S) is a dense subset of £(S). 

Proof. (1) Let p £ At , so there exist / € E~(p) and e > such that 
E e (f) = A and Eg(f) E p for each S > 0. Pick x E ints(A), then |/(x )| < e 
or |/(x )| = e. 

If S = \f(x )\ < e, then E e _ 5 (\f\ V S - S) = E e (f), x Q € E e _ s (\f\ V S - S) 
and x 6 -E^G/I V 5 — 5) for each 77 > 0. Thus, 

e(x ) € E £ _i(|/| V 5 - *)t = E e (/)t = ^. 

If |/(x )| = e so there exists a neighborhood U such that x € U C A. 
Since Lmc(S) and C(S Lmc ) are isometrically isomorphism, pick 5 € Lmc(S) 
such that 5 (tf) = {0}, 5 (A C ) = {||/||} and 5 (5) C [0, ||/||]. Define /i = |/|A 5 , 
then E e (h) = E e (f) = A and \h(x )\ = < e. It is obvious that C 
E$(h) for each < 5 < e and E e (f) C Eg(h) for each e < 5. Therefore 
Es(h) € p for each 5 > and |/i(x )| = < e. So by previous case, 
e(x ) € JS 6 (fe)+ = ^. Thus x € e _1 (At) and so int s (A) C e _1 (At). 

Now pick e(x) € At, so there exist e > and / 6 Lmc(S) such that 
E e (f) = A and so, E$(f) € e(x) for any 5 > 0. Therefore, /(#) = and 
x € J5 6 (/) for each e > 0. Thus, e -1 ^) = int s {A). 

(2) (i) and (ii) are equivalent. Since p € c/£(5)(e(A)) if and only if 
fit n e(A) / for any B e p, if and only if e~ 1 (B^ n e(A)) / for any 
.B € p, if and only if 

int s {B) n A = e -1 (Bt) n e _1 (e(A)) / 

for any € p, by item (1). 

It is obvious that (Hi) and (iv) are equivalent and (ii) implies (Hi). 

(Hi) implies (ii). Let for some B € p, B C\A 7^ and ints(B) n A = 0. Since 
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B G p so there exist / G Lmc(S) and e > such that = E e (f), E$(f) G p 
for each 5 > and 

(/)niC ints(B) n A = 0. 

This is a contradiction. 

(3) Let p U {j4, B} has the finite intersection property, so p U {^4 n B} 
has the finite intersection property. Let A p be a z— ultrafilter containing 
p(J {An B} and hence by item (2), implies that p G d^(5)(e(A n B)). 

(4) It is suffices show that {(d£(s)(e(^4))) c : A G Z(Lmc(5))} is a base for 
open subsets of 5(5). Let U be an open subset containing p G 5(5). Since 
{^4"l~ : ^4 G Z(Lmc(5))} forms a base for an open topology on 5(5), so there 
exist / G Lmc(S) and e > such that p G E € (f)^ C £7 and E$(f) G p for 
each <5 > 0. Now pick < 7 < min{§, ||/||}, and define g(x) = \\f\\ - \f(x)\. 
Then g G Lmc(S) and (E^^_ 1 (g)) c C E 7 (f), so 

(ck( S) (%||- 7 (s))) c C ((^ii/H^O/)) ) C cl £(s) (E 7 (f)). 

Hence, there exists 6 > such that (B||y||_ 7 (<?) n E 1 {f)) f)Es(f) = 0, and 

%n_ 7 ( 5 )p|W) = 0- 

This implies p ^ (s)^||^||_ 7 (g) and so 

pe(cl £{s) (E mhl (g)) c CE t (fy. 

This show that {(clg^s) ( e (^))) c : ^ G Z(Lmc(S))} is a base for open subsets 
of 5(5). 

(5) Suppose that p and q are distinct elements of £(S), then E~(p) and 
E~(q) are maximal ideals, by Theorem 2.9. Pick / G E~ (p)\E~ (q) . So by 
Theorem 2.10, there exist e > and A G <? = E{E~(q)) that £ e (/) n.4 = 0. 
Since A € g = E(E~(q)), pick 5 > and 5 G E~(q) such that A = E s {g) 
and for all 7 > 0, E y (g) G g. Then £ e (/) n E s (g) = 0. Now let B = E e (f), 
then A e p, B £ q and A n B = ®. Thus A 1 " n = 0, p G A f and q G 
and so 5(5) is Hausdorff. 

Define rj : p i-> E(E~(p)) : Z(S) -»• 5(5). By Lemma 2.11, if p G Z(5) 
then E(E~(p)) G 5(5) so is well defined. Now let p be an e— ultrafilter, so 
there exists a z— ultrafilter *4 containing p. By Lemma 2.11, p = E(E~ (A)). 
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each A £ Z(Lmc(S)), we have 
= {peZ(S): V (p)ecl s{s) (e(A))} 
= {p£ 2,{S) : \/B G i](p), BnA^fl)} 
= { P EZ(S): V (p)U{A}Cp} 

= { P e Z{S) ■. A e P } 
= A. 

Since {clg^s) (e(A)) : A G Z(Lmc(S))} is a base for closed subsets of 5 (5), 
so r] is continuous. Since Z{S) is compact, so 5(5) is also compact. 
(6) By (4), e is continuous. Also, 

e(5) = {p£ 5(5) :VBGp, fit n e(5) ^ 0} 
= {p£ e(5) : V B G p, 6n5/0} 

= W 

□ 

Definition 3.4. Let A be an e-filter. Then i={p£ 5(5) :iCj)}. 

Theorem 3.5. (a) 7/ A is an e— filter, then A is a closed subset o/5(5). 

(b) Let A be an e— filter and A G Z(Lmc(S)). Then, A G A if and only if 
.AC At. 

(c) Suppose that A C 5(5) and A = £7(-E~(nA)), f/ien A is an e— filter and 
■A = cl £{s) A. 

Proof, (a) Pick p G ds(s) A, so AT n A 7^ 0, for each A G p. Hence, 
A U {A} has the e-finite intersection property for each A G p. This implies 
that iUpCp and so p G A. 

(b) It is routine to verify the assertion. 

(c) By assumption, A is an e— filter (by Lemma 2.8). Further, for each 
p G A, A C p implies that A C A, thus by (a), cl £ ^A C A. 

To see that A C cZ^mA, let p ^ cZg/g)A. Then, there exist B G p and 
C G Z(Lmc(S)) such that c/ £(5) A C Ct and Bt n C T = 0. Hence, A C C T 
and this implies p £ A. □ 

Definition 3.6. Suppose that p,q G 5(5) and A G Z(Lmc(S)). Then, 
A G p + g if there exist e > and / G Lmc(S) such that A = E e {f) and 
£5(0, /) = {x G 5 : \~ 1 {E s (f)) G g} G p for each 5 > 0. 



This implies n is onto. For 
n- 1 (c/ £(5) (e(A))) 
By Theorem 3.3(2) 
By Theorem 3.3(2) 



Theorem 3.7. Let p, q G 5(5), f/ien p + q is an e—ultrafilter. 
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Proof. It is obvious that ^ p + q and S G p + q. Let ^4 G p + g, then 
there exist e > and / G Lmc(S) such that ^4 = E e (f) and for each <5 > 0, 
E S (q,f) = {x G S : A" 1 ^/)) e g} G p. Thus, G p + q for each 

5 > 0. Let A, B G p + q, therefore, there exist 6, e > and f,g£ Lmc(S) 
such that A = E e (f) and £ = #5(5). So 



Since E^(q, f), E^(q,g) G p so # 7 (g,|/| V |c/|) = E 7 (q, f) n E^{q,g) G p. 
Thus, £?Me(|/| V G p + g and so A fl B G p + g. 

Now pick + 9 and B G Z(Lmc(S)) such that KB. So ^ G 

p + q implies that there exist e > and / G Lmc(S) such that E t (f) = A 
and Es(q, f) G p for each 5 > 0. For i? G Z{Lmc{S)) so, there exists 
a g £ Lmc(S) such that Z(<?) = -B. Now define u(x) = g(x) + \ fU)W/ € - 
Clearly, h = A G Lmc(S), Z{g) = E e (fh) and L-J G for each 

x G -^(g, /) and <5 > 0. This implies L x fL x h G E~{q) for each x G -E^g, /), 
and so Ej(L x fL x h) G g for each 7 > 0. Thus, E$(q, f) C Eg(q,fh) and 
^(g, //i) G p for each 5 > 0, therefore, ^(5) = E t (fh) G p + g. So, p + g is 
an e— filter. 

Now, it is proved that p + q is an e— ultrafilter. Let E~{p) = Ker(fi) and 
E~{q) = Ker(v) for fi,v £ S Lmc . It is claimed that E~{jp + q) = Ker(/j,u), 
thus p + g is an e— ultrafilter. Pick / G Kerens), so T v f G Ker(/j>) and for 
each e > 0, 



ins 



= E e (f)nE 5 (g) 
D E eAS (f) n E eA5 (g) 
= E eAS (\f\V\g\), 



and 



#70, l/l v 



{* G 5 : A-^G/I V |sD) G q} 
{xeS: E^{\L x f\ V |L lff |) G </} 
{ieS: Ey(L x f) n E^(L x g) G g} 
E y (q,f)nE^(q,g). 



r„/(*)| <e} 

y{L x f)\<e) 

Qwi<«} 



G p. 
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It is obvious that {t G 5 : \L x f(t)\ < e} = {t G 5 : \L x f(t)\ < e} = E e (L x f). 
Pick e > 0. For each x G E'(T v f), E±((\L x f\ V § ) - §) C E e (L x f), and 
£f ((|^/| V |) - |) G E{Ker{v)) = q, so 

E e (T v f) C {x G 5 : ^(AJ) G q} = S e (g, /). 

Thus, E e (f) & p + q for each e > 0, and this completes the proof. □ 

Theorem 3.8. £(5) and 5 Lmc are topologically isomorphic. 

Proof. M is a maximal ideal of Lmc(S) if and only if there is a fi G 5 Lmc 
such that tfer(/z) = M. Thus, 7 : /i ^ E(Ker(fi)) : 5 imc -> £(5) is well 
defined and surjective. By Lemma 3.3(4), {cZg^ (e(A)) : A G Z(Lmc(5))} 
is a base for closed subsets of £(S), pick A G Z(Lmc(S)) then 

7 _1 (^(S)c(A)) = {^5 imc :i?(Mri)e* (s) e(i)} 



£(S)< 

VB G E(Ker(n)), J3+ n e(A) ^ 0} 
V/ G Ker(p), V<5 > 0, n A / 0} 

V/ G Ker(p), V5 > 0, 3x$ € An E s (f)} 



= {fieS Lmc 
= {n£S Lmc 
= {/iG5 Lmc 

= clgLmc{A). 

So 7 is continuous. Since, 7 : S Lmc — >■ 5(5) is a surjective continuous 
function, and 5 imc a compact space therefore, 7 is homeomorphism. Now 
pick fi,u G S Lmc , then 

7(/xi/) = E(Ker(nv)) 
(see the proof of Theorem 3.7) = E(Ker(fj,)) + E(Ker(v)) 

= 7(a0+7(*0- 

Therefore, 7 is homomorphism and thus £ (5) and 5 c are topologically 
isomorphic. □ 

By Theorem 3.8, 5 imc could be described as a space of e— ultrafilters, i.e. 
S imc = { J B(iTer(^)) : fi G 5 Lmc }. 

Lemma 3.9. Let A G Z(Lmc(S)) and x G 5. T/ien A G e(x) + p if and 
only if \~ l (A) G p. 

Proof. Pick A G e(x) + q, so there exist e > and / G Lmc(S) such that 
A = E e (f) and E s (q, /) = {i G 5 : A t " 1 (^(/)) G q} G e(x) for each <5 > 
and X x 1 (Es(f)) G a for each 5 > 0. This implies A~ 1 (A) G p. 
Conversely, let A~ 1 (^4) G p, so there exist e > and / G Lmc(S) such that 
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A = E e (f) and A" 1 ^) G p. Thus E 5 {L x f) = X~ 1 (E s (f)) G p for each 5 > 0, 
and L x f G = Ker(fi) for some jU G 5 Lmc . Clearly, n{L x f) = and 

so e(x)n(f) = 0. This implies A G E(Ker(e(x)fi)) = e(x) +p. □ 

Definition 3.10. Let A and 23 be e— filters, and pick A G Z(Lmc(S)). Then 
j4 G *4 + if there exist e > and / € Lmc(S) such that E £ (f) = A and 
/) = {ieS: X^iEsif) eB)}eA for each 5 > 0. 

Lemma 3.11. Let A and B are e— filters. Then A + B is an e— filter. 

Proof. See Theorem 3.7. □ 

4. Applications 

In this section, as an application, we consider to the semigroup 
S* = S Lmc \ S and obtain some conditions characterizing when S* is a 
left ideal of S Lmc . 

Theorem 4.1. Pick p,q G 8(S) and let f G Lmc(S). Then E e (f) G p + q 
for each e > if and only if for each e > there exist B e £ p and an indexed 
family < C tjS > s eB e in Q such that [j sC ejS C E e (f). 

Proof. Let E e (f) G p + q for each e > 0. Pick e > 0, x G B e = E t (q, f) 
and let C €jX = E € (L x f) = X~ 1 (E e (f)). For each x € B e , C €jX G q and so 
UeB, xC^ x QE € (f). 

Conversely, by hypothesis for each e > 0, there exist B e £ p and an 
indexed family < C t , s >seB e m q such that Uss-Be s Ce,s Q E e (f). Then for 
each s G C ejS C X~ 1 (E e (f)) = E e {L s f) and so E e {L s f) G q, for each 
s G J3 e . Thus B e C {t € 5 : £ £ (L t /) £ 9 } = £ e (g, /) G p, and E e (/) € p + g 
for each e > 0. □ 

Theorem 4.2. Lef A C Z(Lmc(S)) has the e— finite intersection property. 
If for each A G E(E~(A)) and x £ A, there exists B G .E(.E - (.A)) suc/i 
rcf? C yl, then C\agE(e~(A)) £ (A) is a subsemigroup of S Lmc . 



Proof. Let T = C\AeE(E-(A)) e (^)- Since E(E~(A)) has the e— finite 
intersection property, so T ^ 0. Pick p,q G T and let ^4 G E(E~(A)). Given 
x G A, there is some B G E(E~ (A)) such that xB C A. Therefore, there ex- 
ist f,gE Lmc(S) such that B = E$(g), A = E e (f) and E^{g),E^{f) € pdq 
for each 7 > 0, so x^( 5 ) C £ e (/) and E a (g) C X x x {E e {f)) = E e (L x f). 
Since B £ p D q thus ^ C {i G 5 : E e (L t f) G g} = E e (q,f), and 
A = £ e (/) Gp + g. □ 
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For semitopological semigroup S, let S* = S Lmc \e(S). 

Definition 4.3. (a) A C S is an unbounded set if e{A) n S* / 0. 

(o) A sequence {x n } is an unbounded sequence if e({x n : n G N}) D S* ^ 0. 

Lemma 4.4. Let {x^} and {jm} be unbounded sequences in S. Letp, q G S* , 
q G s({x n : n G N}) and p G e({y n : n G N}), then 

p + q G e{{y k x n : k < n, k,n G N}). 

Proof. It is obvious that for each ^4 G g, e({x n : n G N}) n A^ ^ and for 
each B € p, e({y n : n G N}) fl ^ 0. Now let C G p + g, then there exist 
e > and / G Lmc(S) such that C = E e (f) and for each 5 > 0, -^(g, /) G p. 
Pick 5 > and let x G E$(q, f), then 

£ (^x 1 (Es(f)) H {x n : n G N}) 

and 

£ (E 5 (g,/)n{y„:nGN}) 
are unbounded, by Lemma 3.3(4). Hence for each jy^ G ^(g, /), 

e(A- fc 1 (^(/))n{x n :nGN}) 

and so 

e{{y k x n ■ k, n G N, A; < n} n 

are unbounded, by Lemma 3.3(4). This implies e({y k x n : k,n G N})nC^ 7^ 
and p + g £ e({y/cX n ■ k < n, k,n G N}). □ 

Theorem 4.5. Suppose that S be a commutative semigroup, then S Lmc is 
not commutative if and only if there exist unbounded sequences {x n } and 
{y n } such that 

£{{%kyn ■ k < n, k,n G N}) fl e({ykX n : k < n, k, n G N}) = 0. 

Proof. Necessity. Pick p and g in S* such that p + q ^ q + p. Then, there 
exist A G p + q and B G g + p such that e(^4) n e(-B) = 0. So, there exist 
7, e > and /, g G Lmc(S) such that E e (f) = A and E^{g) = B. Pick 
< 5 < e A 7, let = Es(q, f) and -Bi = Es(p,g). Then, A± £ p and 
-E>i G g. Choose xi G and yi G Si. Inductively given xi, #2, %n and 
2/1,2/2, •••,2/n, choose x n+1 and y n +i such that 

n 

e(x n+1 )ee(A^n(f]Xy k HE s (g)))) 

k=l 
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and 

n 
k=l 

Then, {x n } and {y n } are unbounded sequences, 

e({y k x n :k,neN, k < n}) C e(A) 

and 

e{{x k y n :k,neN, k < n}) C e(B). 

Sufficiency. Now let there exist unbounded sequences {x n } and {y n } such 
that 



e({xky n ■ k < n, k,n G N}) fl e({ykX n : k < n, k,n G N}) 



Pick p £ e({x n : n G N}) n S* and g 6 e({y n : n G N}) n S* . Then by Lemma 
4.4, 



<7 + p G e({yfcX n : k < n, k,n G N}) 

and 



p + g G e({x k y n : k < n, fc,nGN}). 

□ 

Definition 4.6. A semitopological semigroup S is a topologically weak left 
cancellative if for all it G S there exists a compact zero set A such that 
e(n) G A^ and A~ 1 (^4) be a compact set for each v G 5. 

Theorem 4.7. ('aj Lei S be a locally compact non-compact Hausdorff semi- 
topological semigroup and S* be a closed left ideal of S Lmc , then S is a 
topologically weak left cancellative. 

(b) Let S be a locally compact non-compact Hausdorff semitopological 
semigroup and S be a topologically weak left cancellative, then S* is a left 
ideal of S Lmc . 

(c) Let S be a locally compact non-compact Hausdorff semitopological 
semigroup and S* be a closed subset of S Lmc . Then S* is a left ideal of 
c<Lmc ^ an( ^ on iy if s is a topologically weak left cancellative. 

Proof, (a) Pick x,y G S such that for each compact zero set A G Z(Lmc(S)), 
e(x) G A^ and Ba = A~ 1 (^4) is non-compact. Pick pa G S* n e(Ba) so 
+ Pa G e(A). Now let 

U = {A G Z(Lmc(S)) : e(x) G A^ and A is compact}, 
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then {pa}agu is a net, e(y) + pa — > e(x), and e(x) G S* = S* . So this is a 
contradiction. 

(b) Since S is non-compact so S* ^ 0. Pick p G S*, q G 5 c and let 
q + p = e(x) G s(S). Let ^4 6 Z(Lmc(S)) be a compact set and e(x) G AL 
Then A G g + p and there exist / G Lmc(S) and e > such that E e (f) = A 
and £7<5(p, /) G q for each 5 > 0. Now pick y € -Ee(p, /) then A~ X (A) € p, so 
A" 1 (A) is not compact and this is a contradiction. 

(c) It can easily be verified. □ 

Corollary 4.8. Let G be a locally compact non compact Hausdorff topolog- 
ical group. Then G* is a left ideal of G £WC if and only if G is a topologically 
weak left cancellative. 

Proof. Let G be a locally compact non compact Hausdorff topological 
group, so s(G) is an open subset of G £WC , and G* is closed. Now by Theorem 
4.7 proof is completed. □ 

Theorem 4.9. Let S be a locally compact semitopological semigroup. The 
following statements are equivalent. 

(a) S* is right ideal of S Lmc . 

(b) Given any zero compact subset A of S, any sequence {z n } in S, and 
any unbounded sequence {x n } in S, there exists a n < m in N such that 

Proof, (a) implies (b). Suppose that {x n ■ z m : n,m G N and n < m} C A. 
Pick p G £({z m : m G N}) and q G S* f] e({x n : n £ N}), which one can do, 
since {x n : n G N} is unbounded. Thus q + p G e(A) = e(A) C e(S), is a 
contradiction. 

(b) implies (a). Since S* ^ 0, pick p G S c and q G S* such that 
q + p = e{a) G e(-S'), so there exists a compact set A G Z(Lmc(S)) such that 
e(a) G A'. Hence there exist e > and / G Lmc(S) such that E e (f) = A 
and E${f) G e(a), for each (5 > 0. Then for each 1/n < e, 

#l/n(p,/) = {s G /S : A^l/nt/)) Gp} G 

choose an unbounded sequence {x n } such that x n G Ei/ n (Pif)- 
Inductively choose a sequence {z. m } in S such that for each m G N, 
z m G n™=i^ n 1 (£ ; i/n(/)) (which one can do) since f)n=i A^ 1 (E 1/n (f)) G p. 
Then for each n < m in N, x n -z m G E 1 / n (f) C E e (f) = A, is a contradiction. 

□ 
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Examples, (a) Let S be a discrete semigroup. If S is either right or left 
cancellative then S* = /3S\S is a subsemigroup of /3S, (See Corollary 4.29 in 
[5]). This is not true for a left cancellative semitopological semigroup S. Let 
(5 = (1, +oo), +) with the natural topology. Then S* is not subsemigroup. 
Pick p,q G cl S Lmc(l, 2], thus there exist nets and {y,g} in (1,2] such 

that x a — > p, y/? — > <7 and x a + up £ [2, 4]. Hence p + g € [2, 4] and so S* is 
not subsemigroup. Also, S* is not a left ideal and so S is not topologically 
weak left cancellative. 

(b) (S = [1, +00),+) with the natural topology is a topologically weak 
left cancellative, thus S* is a left ideal of S Lmc . 
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